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Abstract. Certain basic inequalities between intrinsic and extrinsic invari- 
ants for a submanifold in a (re, /i)-contact space form are obtained. As appli- 
cations we get some results for invariant submanifolds in a (re, /^-contact space 
form. 
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1 Introduction 

In ||, B.-Y. Chen established a sharp inequality for a submanifold in a real 
space form involving intrinsic invariants, namely the sectional curvatures and the 
scalar curvature of the submanifold; and the main extrinsic invariant, namely 
the squared mean curvature. Similar inequalities were established in case of 
submanifolds of Sasakian space forms also (§,[§). 

Recently, T. Koufogiorgos introduced the notion of (re, /i)-contact space form 
i which contains the well known class of Sasakian space forms for re = 1. 
Thus it is worthwhile to study relationships between intrinsic and extrinsic 
invariants of submanifolds in a (re, /i)-contact space form. The paper is organized 
as follows. Section contains necessary details about (re, /^-contact space form 
and its submanifolds. In section ^, we state a Lemma relating scalar curvature, 
squared mean curvature and squared second fundamental form for a submanifold 
tangential to the structure vector field in a (re, /i)-contact space form, then we 
obtain two basic inequalities involving the scalar curvature and the sectional 
curvatures of the submanifold on left hand side and the squared mean curvature 
on the right hand side. In the last section, we study invariant submanifolds of 
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(re, jii)-contact space forms. We also obtain a B.-Y. Chen inequality for Chen 
like (5-invariant for invariant submanifolds in a (re, /u)-contact space form. 

2 Preliminaries 

A (2m+l)-dimensional differentiable manifold M is called an almost contact 
manifold if its structural group can be reduced to U(m)xl. Equivalently, there is 
an almost contact structure (ip, £, r)) consisting of a (1, 1) tensor field ip, a vector 
field £, and a 1-form r\ satisfying p 2 = — / + r7(g>£ and (one of) r)(£) = 1, ip£ = 0, 
rjoip = 0. The almost contact structure is said to be normalii the induced almost 
complex structure J on the product manifold M x M defined by J (A, Xd/dt) = 
(<pX — A£, 77 (X) d/dt) is integrable, where X is tangent to M, t the coordinate 
of R and A a smooth function on M x R. The condition for being normal is 
equivalent to vanishing of the torsion tensor [ip, <p\ + 2di] (£) £, where [ip, ip) is 
the Nijenhuis tensor of ip. Let ( , } be a compatible Riemannian metric with 
(<p,£,r)), that is, (X,Y) = (ipX,pY) + r/(X)r/(Y) or equivalently, $ (X, Y) = 
(X,ipY) = - {cpX,Y) along with (X,^) = r\ (X) for all X,Y G TM. Then, M 
becomes an almost contact metric manifold equipped with an almost contact 
metric structure (ip, £, 77, ( , )). An almost contact metric structure becomes a 
contact metric structure if <f> = drj. A normal contact metric manifold is a 
Sasakian manifold. An almost contact metric manifold is Sasakian if and only 
if (V x <p)Y = (X,Y)£ - T](Y)X for all X,Y G TM, where V is Levi-Civita 
connection. Also, a contact metric manifold M is Sasakian if and only if the 
curvature tensor R satisfies R(X, Y)£ = r 1 {Y)X - r]{X)Y for all X, Y G TM. 

In a contact metric manifold M, the (1, l)-tensor field h defined by 2h = £^ip 
is symmetric and satisfies 

h£ = 0, htp + tph = 0, Vx£ = — ipX — (^ft,A, trace (h) — trace (t^/i) = 0. (1) 

The (k, [L)-nullity distribution of a contact metric manifold M is a distribution 

N(K,fi) : P ->N p (k,h) = {z eT p M \ R{X,Y)Z = n((Y,Z) X - (X,Z)Y) 

+^{(Y,Z) hX — (X, Z) hY)}, 

where k and \x are constants. If £ G N [k, //), M is called a (k, fi)- contact metric 
manifold. Since in a (k, /i)-contact metric manifold one has h 2 = (n — l)p 2 , 
therefore k < 1 and if re = 1 then the structure is Sasakian. Characteristic 
examples of non-Sasakian (k, /i)-contact metric manifolds are the tangent sphere 
bundles of Riemannian manifolds of constant sectional curvature not equal to 
one. For more details we refer to § and §. 

The sectional curvature K (X, tpX) of a plane section spanned by a unit 
vector X orthogonal to £ is called a tp-sectional curvature. If the (re, /i)-contact 
metric manifold M has constant (p-sectional curvature c then it is called a (re, /x)- 
contact space form and is denoted by M (c). The curvature tensor of M (c) is 
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given by (§) 



R (X, Y) Z 



c + 3 



{(Y,Z)X-(X, Z)Y} 
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c 



1 



{2 (X, <pY) V Z + (X, <pZ) ipY - (Y, <pZ) ifX} 



+ 
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+ c + 3 4 Ak MX)v(Z)Y V (Y)v(Z)X + (X, Z) „(y)£ - (Y, Z) V (X)0 



+ (<pY, tpZ) hX - (ipX, tpZ) hY + (hX, Z) ip 2 Y - (hY, Z) (p 2 X 

+ M { V (Y)ri(Z)hX - n(X)ri(Z)hY + (hY, Z) n(X)£ - (hX, Z) n(Y)£} (2) 

for all X,Y,Z e TM, where c + 2k = -1 = k - fj, if k < 1. 



The Riemannian invariants are the intrinsic characteristics of a Riemannian 
manifold. The scalar curvature is the most studied scalar valued Riemannian 
invariant on Riemannian manifolds. Let M be an rt-dimcnsional Riemannian 
manifold. The scalar curvature r at p is given by r = Y]^j Kiji where Kij is 
the sectional curvature of the plane section spanned by and ej at p G M for 
any orthonormal basis {ei, . . . , e n } for T p M. We denote by K(w) the sectional 
curvature of M for a plane section tt in T P M . 

Let M be an n-dimcnsional submanifold in a manifold M equipped with 
a Riemannian metric ( , ) . The Gauss and Weingarten formulae are given re- 
spectively by V X Y = V X Y + a(X,Yj and V X N = -A N X + V^N for all 
X, Y £ TM and N e T ± M, where V, V and V- 1 are Riemannian, induced 
Riemannian and induced normal connections in M, M and the normal bundle 
T M of M respectively, and a is the second fundamental form related to the 
shape operator An in the direction of N by (a (X, Y) , N) — (A^X, Y). Then, 
the Gauss equation is given by 



R(X, Y, Z, W) = R(X, Y, Z, W) - (a (X, W) , a (Y, Z)) + (a (X, Z) , a (Y, W)) (3) 



for all X, Y,Z,W 6 TM, where R and R are the curvature tensors of M and 
M respectively. The mean curvature vector H is expressed by nH = trace (a). 
The submanifold M is totally geodesic in M if a — 0, and minimal if H = 0. If 
a (X, Y) = (X, Y) H for all X, Y e TM, then M is totally umbilical. 

3 Certain basic inequalities 

We recall the following Chen's Lemma for later use. 

Lemma 3.1 ([||) If ax, ... , a n , a n +i are n + 1 (n > 1) real numbers such that 
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then 2axa 2 > a n +i, with equality holding if and only if a\ + a 2 = 0,3 = ■ ■ ■ = a n . 

For a vector field X on a submanifold M of an almost contact metric manifold 
M, let PX be the tangential part of <pX. Thus, P is an endomorphism of the 
tangent bundle of M and satisfies (X,PY) = - (PX,Y). Let tt C T p M be a 
plane section spanned by an orthonormal basis {ex, e 2 }. Then, a(7r) given by 

a(n) = (ei,Pe 2 ) 2 

is a real number in the closed unit interval [0, 1], which is independent of the 
choice of the orthonormal basis {ex, 62}. Let £ s TM and put 

^( 7 r) = (r ? (ei)) 2 + (r ? (e 2 )) 2 ) 

7 (71-) = ri(ei) 2 (h T e 2 ,e 2 ) + f?(e 2 ) 2 (h T ei,ei) - 27j(ex)r?(e 2 ) (/i T e 1; e 2 ) . 

Then, /3(7r) and 7 (71") are also real numbers and do not depend on the choice of 
the orthonormal basis {ex, e 2 }. Of course, (3(tt) G [0, 1]. 

In view of (||) and (^) we state the following Lemma. 

Lemma 3.2 In an n- dimensional submanifold M in a (n, /i)-contact space form 
M (c) such that £ G TM , the scalar curvature and the squared mean curvature 
satisfy 



2r = 



i {n (n - 1) (c + 3) + 3 (c - 1) ||P|| 2 - 2 (n - 1) (c + 3 - 4k)} 

+ i |||(^) T || 2 " ll^f - (trace ({^hfy^ + (trace (/i T )) 2 | 
+2 (// + n - 2) trace (h T ) + n 2 \\H\\ 2 - \\af , (4) 



where 



Tl 71 

H a =£ Me^e,),^^,)), ||Q|| 2 = ^ (e 2 ,Qe,) 2 , Q G {p, (^) T , h T ] 

and (iph) T X and h T X are the tangential parts of iphX and hX respectively for 
X G TM. 

The equation (Q) is of fundamental importance and will play main role to 
establish several inequalities. 

Now, we prove the following contact version of Theorem 3 of || . 

Theorem 3.3 Let M be an n-dimensional (n > 3) submanifold isometrically 
immersed in a (2m + 1)- dimensional (k, \x)-contact space form M (c) such that 
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£ G TM . Then, for each point p G M and each plane section tt C T p M , we 
have 

r K(n) < ^ll) W H II 2 + \ n ( n - 3 ) (c + 3) + (n - 1) K 

+ 3jc_l) | ||p||2 _ ^ w | + 1 (c + 3 _ ^ w _ ^ _ ih ^ 

— — {2trace (h\ n ) + det (ft-l^) — det (((^/i)^)} + (/i + n — 2) irace (h T ) 

- \\h T \\ 2 - (trace ((^f))' + {trace (h T )f\ . (5) 



(<phY 



The equality in (|J) holds at p € M if and only if there exist an orthonormal 
basis {ex, . . . , e n } ofT p M and an orthonormal basis {e n +i, . . . , e2m+i} ofT^M 
such that (a) 7r = Span {ei, e2} cmc? (b) the forms of shape operators A r = A Er , 
r = n + 1, . . . , 2m + 1, become 



i-n+l 



a 
6 

(a + 6)J n _ 2 



0„_ 2 



r = n + 2, . . . ,2m + 1. 



(6) 



(7) 



Proof. Let it C T p Af be a plane section. Choose an orthonormal basis 
{ei, e2, ■ ■ ■ , e„} for T p M and {e n +i, . . . , e2 m +i} for the normal space TjfM at p 
such that 7r = Span {ei, e^\ and the mean curvature vector H is in the direction 
of the normal vector to e n +\. We rewrite (0) as 



/ n \ 2 n 2m+l n 

^ E< +1 =EH +1 ) 2 +E(4 +1 ) 2 + E E (4) 



(8) 



where 



p = 2t 



n 2 (n - 2) 



\\H\\ 2 - 2 (/x + n - 2) trace (/i T ) 



-- {n ( n - 1) (c + 3) + 3 (c - 1) ||P|| 2 - 2 (n - 1) (c + 3 - 4k)} 
- (trace ((Lph) T ^ + (trace (h T ))' 



- w 



(9) 



and crj 



{a (ei,ej) ,e r ) , i,j G {!,..., n}; r G {n + 1, . . . , 2m + 1}. Now, 



applying Lemma 3.1 to (gj), we obtain 
2<i +1 ^2 +1 >P + E( CT 



2m + 1 ri 



n+l\ 



E EH 



(10) 



r— n+2 i,j=l 
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From equation (|^) and (||) it also follows that 
K(n) = i{3 + c + 3(c-l)a(7r)-(c + 3-4 K )/3(7r) + 4( A1 -l) 7 (7r)} 
+ - {2trace (h^) + det (h\ n ) - det {(<ph)\*)} 

2m+l 

+<+ 1 4+ 1 -« 2 +1 ) 2 + E - K 2 ) 2 ) . (11) 



r=n+2 



Thus, from (0) and (0) we have 



X(7r) > i{3 + c + 3(c- l)a(7r) - (c + 3-4k)/3(tt) +4^ - 1)7(tt)} 
+- {2tracc (h\ n ) + det (h\«) ~ det ((<ph)\*)} + -p 

2m+l 



E E{(^) 2 + (^) 2 } + ^ E^r 1 ) 2 

2m+l 2m+l 

4 E E(4) 2 + ^ E Ki+^) 2 - d 2 ) 

r=n+2i,j>2 r=n+2 

In view of (|) and ©, we get (|). 

If the equality in (||) holds, then the inequalities given by ( |Io[) and ( |l2|) 
become equalities. In this case, we have 

°i/ = °> CT 2/ = 0> °ij = °i J > 2; 
°ij = cr 2, = °T,- = 0, r = n + 2, . . . , 2m + 1; i, j = 3, . . . , n; 



T n+2 , 
r ll + CT 22 

T n+1 



n+2 , n+2 2m+l , 2m+l ri 

•••—(Til ' °22 — U - 



Now, we choose ei and e2 so that er" 2 = 0. Applying Lemma ^lj we also have 



°11 + CT 22 = °33 =--- =Cr n» • ( 14 ) 

Thus, choosing a suitable orthonormal basis {e\, . . . , e2 m +i}, the shape operator 
of M becomes of the form given by @ and (Q) . The converse is easy to follow. 
□ 

For a submanifold M of an almost contact metric manifold tangential to the 
structure vector field £, we write the orthogonal direct decomposition TM = 
T> © {£}. Moreover, if the ambient manifold is contact also, then 

V^ = and <7(60 = 0. (15) 

Next, we prove the following theorem. 



G 



Theorem 3.4 Let M be an n- dimensional (n > 3) submanifold isometrically 
immersed in a (2m + 1)- dimensional (re, ^-contact space form M (c) such that 
£ G TM. Then, for each point p € M and each plane section tt C T) p , we have 

t-K(tt) < n o 7"~ 2 ? ||g|| 2 + ^7i(c + 3) (n-3) + (n-l)/s 



2(n-l) 



3(c 



— |||P|| 2 - 2a (tt)} + (m + n - 2) irace (/i T ) 



{2irace(/i| w ) + det - det ((iph)\^)} 



(tphff - \\h T \\ 2 - (trace ({ V h) T y^ + {trace {h T )f\. (16) 



The equality in dl6j ) Zio/ds at p £ M if and only if there exist an orthonormal 
basis {ei, . . . , e„} ofT p M and an orthonormal basis {e n +x, ■ ■ ■ , e2m+i} ofT^M 
such that (a) e n = (b) 7r = Spcmjei, ei\ and (c) the forms of shape operators 
A r = A er) r = n + 1, . . . , 2m + 1, become (^) and 



-4, 




(17) 



Proof. Let i C Dp be a plane section at p e M. We choose an orthonormal 
basis {ei, e%, . . . , e n — £} for T p M and {e„+i, . . . , e2 m +i} for the normal space 
T^M at p such that tt = Span {ei, e 2 } and the mean curvature vector H (p) is 
parallel to e n+ \. Using rj (ei) = = n(e 2 ), we get /? (tt) = = 7(71"). Thus, 
proof of (16) is similar to that of (|J). In equality case, using (p"5|), ( |l4j ) becomes 



'11 



'22 



'33 



0, 



(18) 



and thus (H) is modified to (0). □ 



Since in case of non-Sasakian (re, /z)-contact space form, we have re < 1, and 
thus c = — 2re — 1 and fx = re + 1. Putting these values in and (|l6|), we 
can have direct corollaries to Theorems 3.3 and 3.4. For example, Corollary to 
Theorem 13.31 is as follows. 



Corollary 3.5 Let M be an n-dimensional (n > 3) submanifold isometrically 
immersed in a non-Sasakian (re, fj,)-contact space form M (c) such that £ G TM . 
Then, for each point p E M and each plane section tt C T p M , we have 



T - K(tt) < 



n 2 (n - 2) 
2(n- 1) 



\H\\ 



— n (n — 3) (re — 1) + (n — 1) re 



J (re + 1) ||P|| 2 + I {3 (re + 1) a (tt) - (3re - 1) /? (tt) - 2re 7 (tt)} 
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- - {2trace(h\ 7I ) + det (h\ n ) ~ det {{(ph)\ % )} + (k + u- 1) trace(h T ) 

+ J|||(^) T || 2 -||^ T H 2 - (trace ([tphfyf + {trace (h T )f^ . (19) 

The equality in (|l9|) /io/ds at p £ M if and only if there exist an orthonormal 
basis {ex, . . . , e„} ofT p M and an orthonormal basis {e n +i, ■ ■ ■ , e2m+i} ofT p M 
such that (a) tt = Span {ei, and (b) i/ie shape operators A r = A Cr , r = 
n + 1, . . . , 2m + 1 are of forms given by (^) and (Q) . 

If At = 1, the (k, /i)-contact space form reduces to Sasakian space form M (c); 
thus h = and (0) becomes the equation in Theorem 7.14 of [pj. Therefore, 
Theorem 3.3 and Theorem [3.4| provide Sasakian versions as Theorem 3.2 of 
and respectively. Now, we recall Chen's 5-invariant given by 

5m{p) — T {p) — (inf K)(p) = r(p) — mf{K(n) it is a plane section C T p M}, 

which is certainly an intrinsic character of M. Improving Theorem 4.1 of |^|, 
we have the following @] 

Theorem 3.6 Let M be an n-dimensional Riemannian manifold isometrically 
immersed in a Sasakian space form M(c) of constant ip-sectional curvature c < 1 
with the structure vector field t; tangent to M. M satisfies Chen's basic equality 

5m = ^Zl] W H I!' + \^< n - 3 ) c + 3 " 2 - n 8 >< ( 2 °) 

if and only if M is a 3- dimensional minimal invariant submanifold. Hence, 
Chen's invariant becomes 5m = 2. 



4 Invariant submanifolds 



A submanifold M of an almost contact metric manifold M with the structure 
(<Pi ^jVAi )) i s called an invariant submanifold if tpT p M C T p M . If M is contact 
also, then £ € TM, a (X, £) = and M is minimal (0). On the other hand, we 
have the following 

Proposition 4.1 Every totally umbilical submanifold M of a contact metric 
manifold such that £ G TM is minimal and consequently totally geodesic. 



The proof follows from H = (£,£)H = <r(£, £) = 0, where (15) is used. 
Choosing an orthonormal basis {ei, ipei, £}, i = 1, . . . , ^i^S we also can prove 

Proposition 4.2 In an n-dimensional invariant submanifold of a contact met- 
ric manifold, we have 



\P\\ 



1 



, trace (h T ) — trace ((iph) T ^j =0, {<ph) T 



= w 



(21) 
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Thus, for an n-dimensional invariant submanifold in a (k, ^)-contact space 
form M(c), the scalar curvature and the second fundamental form satisfy 

2t = ~ (n - 1) {(n + 1) c + 8k + 3n - 9} - ||cr|| 2 . (22) 

In view of the above equation, we can state the following theorem. 

Theorem 4.3 For an n-dimensional invariant submanifold isometrically im- 
mersed in a (n, /i)-contact space form M (c), we get 

t < - (n- l){(n + l)c + 8«; + 3n-9} (23) 
8 

with equality if and only if the invariant submanifold is totally umbilical, where 
c = —2k — 1 if k < 1. 

For each point p G M, we put (0) 

(f) — r (p) — ml {-^ M : plane sections 7r C V p } . (24) 

Now, we conclude the paper with the following theorem. 

Theorem 4.4 For an n-dimensional invariant submanifold isometrically im- 
mersed in a (n, [i)-contact space form M (c), we get 

5Z < ^{(n + 3)c + 3(n-l)} + (n-l) K . (25) 
o 

Proof. Let it C T> p be a plane section at p G M. We can choose unit vectors 
e and Pe such that 7r = Span{e, Pe}. Thus, we get a (n) — 1, trace (h^) = 
and det (h\ v ) = det {{(ph)\^). Using these facts along with (^lj) in (|l~6|), we get 
©• □ 
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